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
 
 	 - Y 
 0 
		 

 X
(ℓ)
0 9	 
  

β(j1, . . . , jn) =
n∏
ℓ=1
 {X
(ℓ)
0 = jℓ}.
  
 	 
   &
 	 	  

β(j1, . . . , jn) =
n∏
ℓ=1
 {X0 = jℓ} =
n∏
ℓ=1
αjℓ . A'B
  -0+  +	 
 		 -  	 - Yk/ > 
k ≥ 0 
 ℓ ≥ 1 0   	 Sk,ℓ 2 
Sk,ℓ = {k = (k1, . . . , kℓ) ∈ 
ℓ | k1 + · · ·+ kℓ = k}.


    k ≥ 0 n ≥ 1  (j1, . . . , jn) ∈ S
n
  
 {Yk = (j1, . . . , jn)} =
∑
k∈Sk,n
k!
k1! · · ·kn!
n∏
r=1
pkrr,n {Xkr = jr}. A?B
   - 	 
   k/   	 	 
 - k = 0
- 
 A'B/ 	 
 A?B 	  - + k − 1/ , 

 {Yk = (j1, . . . , jn)}
=
∑
(i1,...,in)∈Sn
R((i1, . . . , in), (j1, . . . , jn)) {Yk−1 = (i1, . . . , in)}
=
n∑
h=1
ph,nPjh,jh {Yk−1 = (j1, . . . , jn)}
+
n∑
h=1
ph,n
∑
ih∈S\{jh}
Pih,jh {Yk−1 = (j1, . . . , jh−1, ih, jh+1, . . . , jn)}
=
n∑
h=1
ph,n
∑
ih∈S
Pih,jh {Yk−1 = (j1, . . . , jh−1, ih, jh+1, . . . , jn)}.
C	+   		 0 +
 {Yk = (j1, . . . , jn)}
=
n∑
h=1
ph,n
∑
ih∈S
Pih,jh
∑
k∈Sk−1,n
(k − 1)!
k1! · · · kn!
pkhh,n {Xkh = ih}
×
n∏
r=1,r =h
pkrr,n {Xkr = jr}
=
n∑
h=1
∑
k∈Sk−1,n
(k − 1)!
k1! · · ·kn!
pkh+1h,n  {Xkh+1 = jh}
n∏
r=1,r =h
pkrr,n {Xkr = jr}.
>  h = 1, . . . , n 0   		 Uh,k - Sk,n 2 
Uh,k = {k ∈ Sk,n | km ≤ k − 1 0 m = h}.
  

 
+ kh := kh − 1 
	 
 {Yk = (j1, . . . , jn)} =
n∑
h=1
∑
k∈Uh,k
kh(k − 1)!
k1! · · · kn!
n∏
r=1
pkrr,n {Xkr = jr}.
 
  
D     
#+  		 Vk - Sk,n 2 
Vk = {k ∈ Sk,n | km ≤ k − 1 - m = 1, . . . , n},
0 
 0
Uh,k = Vk ∪ {uh},
0 uh = (0, . . . , 0, k, 0, . . . , 0) 	  0  - 	 n 0  h
 
  k 
  	 
  0/ , 	 +
 {Yk = (j1, . . . , jn)} =
∑
k∈Vk
n∑
h=1
kh(k − 1)!
k1! · · ·kn!
n∏
r=1
pkrr,n {Xkr = jr}
+
n∑
h=1
pkh,n {Xk = jh}
n∏
r=1,r =h
 {X0 = jr}.
>  k ∈ Vk 0 

n∑
h=1
kh(k − 1)!
k1! · · · kn!
=
(k − 1)!
k1! · · · kn!
n∑
h=1
kh =
k!
k1! · · · kn!
,
	 0 

 {Yk = (j1, . . . , jn)} =
∑
k∈Vk
k!
k1! · · · kn!
n∏
r=1
pkrr,n {Xkr = jr}
+
n∑
h=1
pkh,n {Xk = jh}
n∏
r=1,r =h
 {X0 = jr}
=
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
pkrr,n {Xkr = jr}.
 	 	  	 
/
C	+ 	 	 0 
  -0+ 
 0 +	  
	
	
 
	 - 
 
. 
 X(h) 
  k 
	 -  +

		 Y /
    h = 1, . . . , n k ≥ 0  j ∈ S  
 {X
(h)
k = j} =
k∑
ℓ=0
(
k
ℓ
)
pℓh,n(1− ph,n)
k−ℓ
 {Xℓ = j}.
 3
  	  X
(h)
k 	  h  +  


 ph,n 	  	-  0+ 0 
.  - - h = n/ C	+
  $ 0 

  
 	 
   @
 {X
(n)
k = j}
=  {Yk ∈ S × · · · × S × {j}}
=
∑
j1∈S
· · ·
∑
jn−1∈S
∑
k∈Sk,n
k!
k1! · · · kn!
n−1∏
r=1
pkrr,n {Xkr = jr}p
kn
n,n {Xkn = j}
=
∑
k∈Sk,n
k!
k1! · · · kn!
pknn,n {Xkn = j}
n−1∏
r=1
pkrr,n
=
k∑
kn=0
(
k
kn
)
pknn,n(1− pn,n)
k−kn
 {Xkn = j}
×
∑
k∈Sk−kn,n−1
(k − kn)!
k1! · · ·kn−1!
n−1∏
r=1
(
pr,n
1− pn,n
)kr
=
k∑
kn=0
(
k
kn
)
pknn,n(1− pn,n)
k−kn
 {Xkn = j},
0 	  -/
  -0+ 
 	  	 -  2	 	
 Θn 

0  -  n 
. 
	 X(1), . . . , X(n) +	 
	/  -

Θn 	 2 
	
Θn = inf{k ≥ 0 | ∃r 	 
 X
(r)
k = a}.
    k ≥ 0  n ≥ 1  
 {Θn > k} =
∑
k∈Sk,n
k!
k1! · · ·kn!
n∏
r=1
pkrr,nαQ
kr
. A&B
 >  k ≥ 0 
 n ≥ 1 0 

Θn > k⇐⇒ X
(1)
k ∈ B, . . . ,X
(n)
k ∈ B.
, 	 
 -   $ 
 
 A$B/
 {Θn > k} =  {X
(1)
k ∈ B, . . . ,X
(n)
k ∈ B}
=
∑
(j1,...,jn)∈Bn
 {Yk = (j1, . . . , jn)}
=
∑
k∈Sk,n
k!
k1! · · · kn!
∑
(j1,...,jn)∈Bn
n∏
r=1
pkrr,n {Xkr = jr}
=
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
pkrr,n {Xkr ∈ B}
=
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
pkrr,nαQ
kr
,
0 	  -/
3
   -  
 -  {Θn > k} 	+ 
 A&B
	 
/ ! 	  	  	 
   -0+ 	/
 
  
E     
& 	
 
, 	  
 -  	 
 -  
 - Θn/
, 
 	   $ 
  	
	 -  +
 
. 
 Y 


 
	  	
 (a, . . . , a) 0 	 
	+/  	 
	 
 

 E(Θn) 	 2 
 + -  n ≥ 1 
E(Θn) =
∞∑
k=0
 {Θn > k}. ADB
  -0+  +	 
 	 		 -  	 Θn/


    k ≥ 0 n ≥ 2  
 {Θn > k} =
k∑
ℓ=0
(
k
ℓ
)
pℓn,n (1− pn,n)
k−ℓ
αQℓ {Θn−1 > k − ℓ}, A@B
     π(n − 1) = (p1,n−1, . . . , pn−1,n−1) 
  Θn−1    r = 1, . . . , n− 1 
pr,n−1 =
pr,n
1− pn,n
.
 >  k ≥ 0 
 n ≥ 2 0 
 - 3
 '
 {Θn > k}
=
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
(pr,n)
kr αQkr
=
k∑
kn=0
(pn,n)
kn αQ
kn

kn!
∑
k∈Sk−kn,n−1
k!
k1! · · · kn−1!
n−1∏
r=1
(pr,n)
kr αQkr
=
k∑
kn=0
(
k
kn
)
(pn,n)
kn αQkn
∑
k∈Sk−kn,n−1
(k − kn)!
k1! · · ·kn−1!
n−1∏
r=1
(pr,n)
kr αQkr
=
k∑
kn=0
(
k
kn
)
(pn,n)
kn (1− pn,n)
k−kn αQkn
×
∑
k∈Sk−kn,n−1
(k − kn)!
k1! · · · kn−1!
n−1∏
r=1
(
pr,n
1− pn,n
)kr
αQkr
=
k∑
kn=0
(
k
kn
)
(pn,n)
kn (1− pn,n)
k−kn αQkn
×
∑
k∈Sk−kn,n−1
(k − kn)!
k1! · · · kn−1!
n−1∏
r=1
(pr,n−1)
kr αQkr
=
k∑
kn=0
(
k
kn
)
(pn,n)
kn (1− pn,n)
k−kn αQkn {Θn−1 > k − kn},
  
 	 
   %
0 	  -/
 	 	 	0	 
  
 -  {Θn > k} 
   	+ 

	  0 
  /
, 	0   -0+ 0  	 
 
 
 	 K   
    
. 	 
 -  i = 1, . . . , n  {Θi > k} ≤ ε -
 k ≥ K 0 ε 	 
   
/
, 
 		 - +
 0 		 
  
	 pr,n 

 	 

p1,n ≥ p2,n ≥ · · · ≥ pn,n.
  -0+ 	 	 /
 
 !   i = 1, . . . , n− 1  k ≥ 0  
(pi,iQ+ (1− pi,i)I)
k
 ≤ (pi+1,i+1Q+ (1− pi+1,i+1)I)
k
,
        !
   	 	 
  - k = 0/ >   ? 0 

pi,i − pi+1,i+1 =
pi,i+1
1− pi+1,i+1
− pi+1,i+1 =
pi,i+1 − pi+1,i+1 + p
2
i+1,i+1
1− pi+1,i+1
≥ 0.
  
 Q + 		
	 0 
 Q− ≤ 0 0  	 

- 
 
	   F 0 	     
+ 
 	/
#+  
 Qi = pi,iQ+ (1 − pi,i)I 0 +
Qi−Qi+1 = (pi,i − pi+1,i+1)(Q− ) ≤ 0,
0 
	 
  	 	  - k = 1/ 	 0 
  	 	
 - + k − 1 0 k ≥ 2/  
	 Qi 
 Qi+1  0


(Qi)
k
 = Qi(Qi)
k−1
 ≤ Qi(Qi+1)
k−1
 = (Qi+1)
k−1Qi ≤ (Qi+1)
k
.
 	 	  -/


 "   n ≥ 1   ε ∈ (0, 1)  
max
i=1,...,n
 {Θi > k} ≤ ε   k ≥ K1,

K1 = inf
{
k ≥ 0
∣∣∣∣∣
k∑
ℓ=0
(
k
ℓ
)
pℓn,n(1− pn,n)
k−ℓαQℓ ≤ ε
}
.
 
  
$*     
 >  i = 1, . . . , n 0 

 {Θi > k} =
k∑
ℓ=0
(
k
ℓ
)
pℓi,i(1 − pi,i)
k−ℓαQℓ {Θi−1 > k − ℓ}
≤
k∑
ℓ=0
(
k
ℓ
)
pℓi,i(1 − pi,i)
k−ℓαQℓ
= α (pi,iQ+ (1 − pi,i)I)
k

≤ α (pn,nQ+ (1 − pn,n)I)
k
 A- 4
 &B
=
k∑
ℓ=0
(
k
ℓ
)
pℓn,n(1− pn,n)
k−ℓαQℓ.
5 
 
 pn,nQ + (1 − pn,n)I 	 		
	 / / (pn,nQ + (1 −
pn,n)I) ≤  0  	 
 - 
 
	  /  	 
	 


 
 α (pn,nQ+ (1− pn,n)I)
k
 	 
	+ 0 k 

lim
k−→∞
α (pn,nQ+ (1− pn,n)I)
k
 = 0,
 - 
 2 ε ∈ (0, 1) 
  2 - + K1 0 
 
 - 
i = 1, . . . , n
 {Θi > k} ≤ ε, -  k ≥ K1,
0 	  -/
  	
 . - 		 	 -  

 -   
	
E(Θi) - 0  
 -  		 ADB 	 /


 #   n ≥ 1   ε ∈ (0, 1)
0 ≤ max
i=1,...,n
(
E(Θi)−
K2−1∑
k=0
 {Θi > k}
)
≤ ε,

K2 = inf
{
k ≥ 0
∣∣∣∣∣ 1pn,n
k∑
ℓ=0
(
k
ℓ
)
pℓn,n(1− pn,n)
k−ℓα(I −Q)−1Qℓ ≤ ε
}
.
 ,   

ei = E(Θi)−
K2−1∑
k=0
 {Θi > k}.
  
 	 
   $$
,  
 -  i = 1, . . . , n
ei =
∞∑
k=K2
 {Θi > k}
=
∞∑
k=K2
k∑
ℓ=0
(
k
ℓ
)
pℓi,i(1− pi,i)
k−ℓαQℓ {Θi−1 > k − ℓ}
≤
∞∑
k=K2
k∑
ℓ=0
(
k
ℓ
)
pℓi,i(1− pi,i)
k−ℓαQℓ
=
∞∑
k=K2
α (pi,iQ+ (1− pi,i)I)
k

≤
∞∑
k=K2
α (pn,nQ+ (1− pn,n)I)
k
 A - 4
 &B
= α (I − (pn,nQ+ (1− pn,n) I))
−1
(pn,nQ+ (1− pn,n) I)
K2

=
1
pn,n
α(I −Q)−1 (pn,nQ+ (1− pn,n) I)
K2

=
1
pn,n
K2∑
ℓ=0
(
K2
ℓ
)
pℓn,n(1− pn,n)
K2−ℓα(I −Q)−1Qℓ
≤ ε  2 - + K2.
0 
	 
 maxi=1,...,n ei ≤ ε/
  
 -  	 - Θn 
 	   	 	+

	 A$B 
 A@B/ #-  
 
		 - π(n) 	 - // -
pr,n = 1/n -  r = 1, . . . , n   	 
	 . 
  


		 - π(i) 	 
	 - -  i ≤ n/ # 	 
	 0 
 
 
	
 	    	 - Θn  
	  	 - 
 Θi9	
- i ≤ n 	+  	+  +    D/ #-  
 -
Θn 	 
	   0 
 	  	+  +    @/
' 	 
	
 	 	 	    

		 -  	  Θn 0 n 	 
+/
 	 	 +
  
	  
 - 
+	
 	 			 0

 	    	/
>	 - 
  -0+ 	 
   
	 -   ?/


 $   n ≥ 1  
E(Θn) ≤
E(Θn−1)
1− pn,n
,

E(Θn) ≤
E(Θ1)
p1,n
.
 
  
$)     
 C	+   ? 0 +
E(Θn) =
∞∑
k=0
 {Θn > k}
=
∞∑
k=0
k∑
ℓ=0
(
k
ℓ
)
pℓn,n (1− pn,n)
k−ℓ
αQℓ {Θn−1 > k − ℓ}
=
∞∑
k=0
k∑
ℓ=0
(
k
ℓ
)
pk−ℓn,n (1− pn,n)
ℓ
αQk−ℓ {Θn−1 > ℓ}
=
∞∑
ℓ=0
(1− pn,n)
ℓ
 {Θn−1 > ℓ}
∞∑
k=ℓ
(
k
ℓ
)
pk−ℓn,n αQ
k−ℓ

=
∞∑
ℓ=0
(1− pn,n)
ℓ
 {Θn−1 > ℓ}
∞∑
k=0
(
k + ℓ
ℓ
)
pkn,nαQ
k

≤
∞∑
ℓ=0
(1− pn,n)
ℓ
 {Θn−1 > ℓ}
∞∑
k=0
(
k + ℓ
ℓ
)
pkn,n
=
∞∑
ℓ=0
(1− pn,n)
ℓ
 {Θn−1 > ℓ} (1− pn,n)
−(ℓ+1)
=
E(Θn−1)
1− pn,n
.
	 0 +
E(Θn) ≤
E(Θn−1)
1− pn,n
≤
E(Θn−2)
(1− pn,n)(1 − pn−1,n−1)
=
E(Θn−2)
1− pn,n − pn−1,n

 	
E(Θn) ≤
E(Θ1)
p1,n
.
0 	  -/
,  	 π(n) 	 - // 0 pi,n = 1/n 0 

E(Θn) ≤
nE(Θn−1)
n− 1
≤ nE(Θ1).
, 	  -0+ 
	-/ >  n ≥ 1 
 x ∈  0
  - Fn(x) 2 
Fn(x) =
∞∑
k=0
xk
k!
 {Θn > k}.
  - Fn 	 2 -  x ∈  
 
  		 	 +
  -0+ /


 %   n ≥ 1  x ∈   
Fn(x) =
n∏
ℓ=1
αeQxpℓ,n, AEB
  
 	 
   $'
   k ∈ 
 {Θn > k} = F
(k)
n (0), A%B
 F
(k)
n   k    Fn    x!
 > 
 A@B 0 + 	+  -
 
  {Θ1 > ℓ} = αQ
ℓ

Fn(x) =
∞∑
k=0
xk
k!
k∑
ℓ=0
(
k
ℓ
)
pℓn,n (1− pn,n)
k−ℓ
 {Θ1 > ℓ} {Θn−1 > k − ℓ}
=
∞∑
ℓ=0
xℓ
ℓ!
pℓn,n {Θ1 > ℓ}
∞∑
k=ℓ
xk−ℓ
(k − ℓ)!
(1− pn,n)
k−ℓ
 {Θn−1 > k − ℓ}
=
∞∑
ℓ=0
xℓ
ℓ!
pℓn,n {Θ1 > ℓ}
∞∑
k=0
xk
k!
(1− pn,n)
k
 {Θn−1 > k}
= F1(xpn,n)Fn−1(x(1 − pn,n)).
 	 
	   - i = 1, . . . , n 
Fn(x) = F1(xpn,n)F1(xpn−1,n)Fn−2(x(1 − pn,n − pn−1,n))
= · · ·
=
[
n∏
ℓ=n−i+1
F1(xpℓ,n)
]
Fn−i(x(1 − pn,n − . . .− pn−i+1,n)),
0 0 	  
	
pr,n−1 =
pr,n
1− pn,n
.
,  - i = n
Fn(x) =
n∏
ℓ=1
F1(xpℓ,n).
50 	
F1(x) =
∞∑
k=0
xk
k!
 {Θ1 > k} =
∞∑
k=0
xk
k!
αQk = αeQx,
0 

Fn(x) =
n∏
ℓ=1
αeQxpℓ,n.
>  	 
 -   0 	 0  2 -  -
Fn
F (h)n (x) =
∞∑
k=h
xk−h
(k − h)!
 {Θn > k} =
∞∑
k=0
xk
k!
 {Θn > k + h},
0 +	  	  
.+ x = 0/
 	 	   	0	 
  {Θn > 0} = 1 
	   
	 

-  n ≥ 1 0 

 {Θn > 1} = αQ.
 
  
$?     
  	
 	
, 	  	 	  
	 0  
 
		 - π(n) 	
-/   -0+  +	  
 
	  
	 	
- Θn/


 & " pℓ,n = 1/n   ℓ = 1, . . . , n    x ∈  

lim
n−→∞
Fn(x) = e
αQ x.
 #- pℓ,n = 1/n -  ℓ = 1, . . . , n 0 
 - 
 AEB
Fn(x) =
(
αeQx/n
)n
,
0 
 
	  0 
	
Fn(x) = e
n ln
„
αeQx/n 
«
= en(αQ x/n+ε(1/n)/n)) = eαQ x+ε(1/n),
0 ε 	 
 - 	
	-+ limn−→∞ ε(1/n) = 0/
 	 	  -/
 	 	 	++		 
   -  {Θn > k} 0 n +	  2
	  
  (αQ)k/ !
 - pℓ,n = 1/n -  ℓ = 1, . . . , n 0

	 + - 
	 AEB 
 A%B
 {Θn > k} = F
(k)
n (0) =
dk
(
αeQx/n
)n
dxk
∣∣∣∣∣
x=0
.
 	 +	 - 	
 0 n ≥ 4
F (1)n (x) =
(
αeQx/n
)n−1
αQeQx/n,
F (2)n (x) =
n− 1
n
(
αeQx/n
)n−2 (
αQeQx/n
)2
+
1
n
(
αeQx/n
)n−1
αQ2eQx/n,
F (3)n (x) =
(n− 1)(n− 2)
n2
(
αeQx/n
)n−3 (
αQeQx/n
)3
+
3(n− 1)
n2
(
αeQx/n
)n−2
αQeQx/nαQ2eQx/n
+
1
n2
(
αeQx/n
)n−1
αQ3eQx/n,
F (4)n (x) =
(n− 1)(n− 2)(n− 3)
n3
(
αeQx/n
)n−4 (
αQeQx/n
)4
+
6(n− 1)(n− 2)
n3
(
αeQx/n
)n−3 (
αQeQx/n
)2
αQ2eQx/n
+
3(n− 1)
n3
(
αeQx/n
)n−2 (
αQ2eQx/n
)2
+
4(n− 1)
n3
(
αeQx/n
)n−2
αQeQx/nαQ3eQx/n
+
1
n3
(
αeQx/n
)n−1
αQ4eQx/n,
  
 	 
   $&

 	 - x = 0
 {Θn > 1} = αQ,
 {Θn > 2} =
n− 1
n
(αQ)
2
+
1
n
αQ2,
 {Θn > 3} =
(n− 1)(n− 2)
n2
(αQ)3 +
3(n− 1)
n2
αQαQ2+
1
n2
αQ3,
 {Θn > 4} =
(n− 1)(n− 2)(n− 3)
n3
(αQ)
4
+
6(n− 1)(n− 2)
n3
(αQ)
2
αQ2
+
3(n− 1)
n3
(
αQ2
)2
+
4(n− 1)
n3
αQαQ3 +
1
n3
αQ4.
!  		 - F
(k)
n (x) 
  
 	+  >
7 " G -

 	 - 	
 ;'℄  ;$?℄/


  '() *+ ,- . #  f  g  
	  
dk
dxk
f(g(x)) = k!
k∑
j=1
f (j)(g(x))
j!
∑
m∈Tj,k
j!
m1! · · ·mk!
k∏
ℓ=1
(
g(ℓ)(x)
ℓ!
)mℓ
,
 Tj,k   
Tj,k =
{
m = (m1, . . . ,mk)
∣∣∣∣∣
k∑
ℓ=1
mℓ = j 
k∑
ℓ=1
ℓmℓ = k
}
. A$*B
 
.+ g(x) = αeQx/n 
 f(x) = xn 0 +
f (j)(x) =
n!
(n− j)!
xn−j1{j≤n} 
 g
(ℓ)(x) =
1
nℓ
αQℓeQx/n,
0 
	 -  n ≥ 1 
 k ≥ 1  Fn(x) = f(g(x)) 
 
F (k)n (x) =
k!
nk
k∧n∑
j=1
(
n
j
)(
αeQ
x
n

)n−j ∑
m∈Tj,k
j!
m1! · · ·mk!
k∏
ℓ=1
(
αQℓeQx/n
ℓ!
)mℓ
.
 	 
.+ x = 0 0 
 {Θn > k} =
k!
nk
k∧n∑
j=1
(
n
j
) ∑
m∈Tj,k
j!
m1! · · ·mk!
k∏
ℓ=1
(
αQℓ
ℓ!
)mℓ
. A$$B
5 
  
.+ g(x) = ex/n 
 f(x) = xn 0 
 f(g(x)) = ex 

	 -  n ≥ 1 0 
	 
k!
nk
k∧n∑
j=1
(
n
j
) ∑
m∈Tj,k
j!
m1!(1!)m1m2!(2!)m2 · · ·mk!(k!)mk
= 1. A$)B
  + 
 -  {Θn > k} 	 +   -0+ /
 
  
$D     


  " pℓ,n = 1/n   ℓ = 1, . . . , n    k ≥ 0 

lim
n−→∞
 {Θn > k} = (αQ)
k

lim
n−→∞
E(Θn) =
⎧⎨
⎩
1
1− αQ
 αQ < 1
∞  αQ = 1.
 ,   2 -  - Fn   0  

/ > z ∈  0 

Fn(z) =
∞∑
k=0
zk
k!
 {Θn > k},

 0 	    C = {z ∈  | |z| = 1}/   - Fn(z) +


   0 
 -  p ≥ 0∮
C
Fn(z)
zp+1
dz = i
∫ 2π
0
Fn(e
iη)e−ipηdη
=
∞∑
k=0
 {Θn > k}
k!
∫ 2π
0
iei(k−p)ηdη
= 2iπ
 {Θn > p}
p!
,
	 ∫ 2π
0
iei(k−p)ηdη =
{
0 - k = p
2iπ - k = p.
, 	 
 -  p ≥ 0
 {Θn > p} =
p!
2iπ
∮
C
Fn(z)
zp+1
dz.
, 
 	0    $* 
 Fn(z) +	 0	  z  e
αQ z
0 n +	  2/  0 

|Fn(z)| ≤ e
|z|


∮
C
e|z|
|z|p+1
|dz| = e
∮
C
|dz| = e
∫ 2π
0
dη = 2eπ.
 -  
 +  0 +
lim
n−→∞
 {Θn > p} =
p!
2iπ
∮
C
eαQ z
zp+1
dz
=
p!
2iπ
∞∑
k=0
(αQ)k
k!
∫ 2π
0
iei(k−p)ηdη
= (αQ)p,
0 	  2	 
 -  -/
  
 	 
   $@
>  	 
 0 
 

E(Θn) =
∞∑
k=0
 {Θn > k}.
, 2	 	  
	 0 αQ = 1/ >  	 
 -  -
0 
 -  k ≥ 0
lim
n−→∞
 {Θn > k} = 1.
C	+ >
9	 
 - 		 0 +
lim inf
n−→∞
∞∑
k=0
 {Θn > k} ≥
∞∑
k=0
lim
n−→∞
 {Θn > k} =∞,
	 limn−→∞ E(Θn) = ∞ 0 	  	 
 -  - 0
αQ = 1/
, 0 	  
	 0 αQ < 1/ C	+ 
	 A$$B 
 A$)B
0 

 {Θn > k}
=
k!
nk
k∧n∑
j=1
(
n
j
) ∑
m∈Tj,k
j!
m1!(1!)m1m2!(2!)m2 · · ·mk!(k!)mk
k∏
ℓ=1
(
(αQℓ)1/ℓ
)ℓmℓ
≤
(
max
ℓ=1,...,k
(αQℓ)1/ℓ
)k
≤
(
sup
ℓ≥1
(αQℓ)1/ℓ
)k
.
#- 0 	0 
 supℓ≥1(αQ
ℓ
)1/ℓ < 1   	 -0	 	+  

 +  - 		/ 4 	 	0 
 supℓ≥1(αQ
ℓ
)1/ℓ < 1/
>	 - 
 	 αQ < 1 0 
 αQℓ < 1 - 
 ℓ ≥ 1 (
αQℓ
)1/ℓ
< 1 -  ℓ ≥ 1. A$'B
,   2  - 
	 2 -  
M  
		
 	
 
||M || = sup
i
∑
j
|Mi,j |.
,  
 ||α|| = 1 |||| = 1 
 -  ℓ ≥ 1
(αQℓ)1/ℓ ≤
(
||α||||||||Qℓ||
)1/ℓ
= ||Qℓ||1/ℓ. A$?B
# 	 0.0 	 - 	
 ;$$℄ 
  	
 
	 ρ(Q) - 

 Q 	 	
	2	
ρ(Q) = lim
ℓ−→∞
||Qℓ||1/ℓ < 1. A$&B
> 
	 A$?B 
 A$&B 0 

lim sup
ℓ−→∞
(αQℓ)1/ℓ < 1. A$DB
 
  
$E     
> 
	 A$'B 
 A$DB 0 
	 + 
 supℓ≥1(αQ
ℓ
)1/ℓ < 1/ G 

 +  - 		 0 

lim
n−→∞
E(Θn) =
∞∑
k=0
(αQ)k =
1
1− αQ
.
 	 	  -/
#  	 0 	  
	 	 - 
 A$$B/   
  
	
/   
	 
 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 0 0
 - +  	 - Θn
- 
+ 
	 - n 	
 
	 - k 
 - 
 
. 
 X /
>  1 ≤ k ≤ n 
 A$$B 
  0 
	
 {Θn > k} =
k!
nk
k∑
j=1
(
n
j
)
uj,k(Q), A$@B
0
uj,k(Q) =
∑
m∈Tj,k
j!
m1!(1!)m1m2!(2!)m2 · · ·mk!(k!)mk
k∏
ℓ=1
(
αQℓ
)mℓ
.
# 	 
	 . 
  j    	 	 
	
 
 
O(1/nk−j) //
k!
nk
(
n
j
)
uj,k(Q) = O(1/n
k−j).
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 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 	 
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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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
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 A$@B/ G 2 -  	 Tj,k 0 
 -
 k ≥ 1
Tk,k = {(k, 0, . . . , 0)},
Tk−1,k = {(k − 2, 1, 0, . . . , 0)},
Tk−2,k = {(k − 4, 2, 0, . . . , 0), (k − 3, 0, 1, . . . , 0)},
Tk−3,k = {(k − 6, 3, 0, . . . , 0), (k − 5, 1, 1, 0, . . . , 0), (k − 4, 0, 0, 1, 0 . . . , 0)},
Tk−4,k = {(k − 8, 4, 0, . . . , 0), (k − 7, 2, 1, 0, . . . , 0), (k − 6, 1, 0, 1, 0, . . . , 0),
(k − 6, 0, 2, 0, . . . , 0), (k − 5, 0, 0, 0, 1, 0 . . . , 0)},
  
 	 
   $%
0 
  
+ 
 +
  	 0
0 -  	+
	/ ,  
 -  k ≥ 1
uk,k(Q) = (αQ)
k
,
uk−1,k(Q) =
k − 1
2
(αQ)
k−2
αQ21{k≥2},
uk−2,k(Q) =
(k − 2)(k − 3)
8
(αQ)k−4
(
αQ2
)2
1{k≥4}
+
k − 2
6
(αQ)
k−3
αQ31{k≥3},
uk−3,k(Q) =
(k − 3)(k − 4)(k − 5)
48
(αQ)
k−6 (
αQ2
)3
1{k≥6}
+
(k − 3)(k − 4)
12
(αQ)k−5 αQ2αQ31{k≥5}
+
k − 3
24
(αQ)k−4 αQ41{k≥4},
uk−4,k(Q) =
(k − 4)(k − 5)(k − 6)(k − 7)
384
(αQ)
k−8 (
αQ2
)4
1{k≥8}
+
(k − 4)(k − 5)(k − 6)
48
(αQ)
k−7 (
αQ2
)2
αQ31{k≥7}
+
(k − 4)(k − 5)
48
(αQ)
k−6
αQ2αQ41{k≥6}
+
(k − 4)(k − 5)
72
(αQ)
k−6 (
αQ3
)2
1{k≥6}
+
k − 4
120
(αQ)
k−5
αQ51{k≥5}.
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 	 - 
H	 -  uj,k(Q)  	 0+ uj,k(I) 	 0 
 αQ
ℓ
 = 1
0 Q = I/  	 
	 
 {Θn > k} =
k!
nk
k∑
j=k−4
(
n
j
)
uj,k(Q) + en,k,
0 en,k 	
	2	 	+ 
 A$)B
en,k =
k!
nk
k−5∑
j=1
(
n
j
)
uj,k(Q) ≤
k!
nk
k−5∑
j=1
(
n
j
)
uj,k(I) = 1−
k!
nk
k∑
j=k−4
(
n
j
)
uj,k(I).
,   bn,k 	 
	  //
bn,k = 1−
k!
nk
k∑
j=k−4
(
n
j
)
uj,k(I).
,  

0 ≤  {Θn > k} −
k!
nk
k∑
j=k−4
(
n
j
)
uj,k(Q) ≤ bn,k.
 
  
)*     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	 	0 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 bn,k 	 
	+ 0 k 	 - 
 2  

ε 
 -  n 0 
 
	   
 
 k∗ - k 	 

  	 		 
  
  ε //
k∗ = sup{k ∈  | bn,k ≤ ε}.
>+ $ +	 	 
	 - k∗ - = 
	 - ε 
 n/ # 	0	 -
	
 
 -  k ≤ 53 0 

0 ≤  {Θ1000 > k} −
k!
1000k
k∑
j=k−4
(
1000
j
)
uj,k(Q) ≤ 10
−2.
ε 10−2 10−3 10−4
n = 102 18 15 12
n = 103 53 41 32
n = 104 162 124 97
n = 105 508 387 301
>+/ $ I
	 - k∗ - = 
	 - ε 
 n/
  
   + 	 		
 			 	 
 	
αQℓ 
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  1  
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 0 0   u 
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	 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 
 αQu = 1 /
u = sup{ℓ ≥ 0 | αQℓ = 1}.
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
 ρ(Q)  	
 
	 - Q 	
	2	 ρ(Q) <
1 
.+ 
 ε 	 
 ρ(Q) < ρ(Q) + ǫ < 1  	 
 
  		

 	
 Cε > 0 	 
 - 
 ℓ ≥ 0 0 
 αQ
ℓ
 ≤ Cε(ρ(Q) + ε)
ℓ
/
 - +
+  		  	 0 
 
 	+ 
 q 	

 ρ(Q) < q < 1  	 
 + ℓ0 	 

αQℓ ≤ 1 0 0 ≤ ℓ ≤ ℓ0,
αQℓ ≤ qℓ 0 ℓ ≥ ℓ0 + 1.
4 	 0 	
  {Θn > k} 	+ 	 A	  
B 	/
C	+ 3
 ' 0 
 -  k ≥ 0 
 n ≥ 1
 {Θn > k} =
1
nk
∑
k∈Sk,n
k!
k1! · · ·kn!
n∏
r=1
αQkr ≤ An,k,
0
An,k =
1
nk
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
(
1{kr≤ℓ0} + q
kr1{kr≥ℓ0+1}
)
=
qk
nk
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
(
1
qkr
1{kr≤ℓ0} + 1{kr≥ℓ0+1}
)
.
  
 	 
   )$
4 	 0 	
 An,k/
8   
 0 
  -0+ 0 
An,k ≥
qk
nk
∑
k∈Sk,n
k!
k1! · · · kn!
= qk.
8   
 
   	
 	 0 
 
	 0 0 
-0+  
An,k ≤
qk
nk
∑
k∈Sk,n
k!
k1! · · · kn!
n∏
r=1
1
qℓ0
=
qk−nℓ0
nk
∑
k∈Sk,n
k!
k1! · · · kn!
= qk−nℓ0 .
 	 0 
  
 An,k 
0 	
	2	  0 	
qk ≤ An,k ≤ q
k−nℓ0 .
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 

 {Θn > k} −→ αQ
k
.
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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 {Θn > k} ≤ q
k−nℓ0 ,
0 	
		 
  {Θn > k} +	 
 -
	  1 
	 k −→ ∞/
 	 		 
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 - -
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
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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
 - 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 -Θn 	+  
? 	 	- - 	 
	 
  - 
  
	 - i - 1  n/  	

	  
 
+ 0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  O(n) 0 
.	  

 -  
+ 
	 - n/ #  -0+  0 +
1
 	 -   ?  
 0  
+ 
	 - n/


    k ≥ 0 n ≥ 2  
 {Θn > k} =
k∑
ℓ=0
(
k
ℓ
)
sℓu,n(1 − su,n)
k−ℓ
 {Θu > ℓ} {Θ
′
n−u > k − ℓ} A$EB
    Θ′n−u   $  Θn−u    
  (
pu+1,n
1− su,n
, . . . ,
pn,n
1− su,n
)
 su,n =
u∑
r=1
pr,n.
 
  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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  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 4 n ≥ 2 
 u 	 
 1 ≤ u ≤ n − 1/ > r = 1, . . . , u 0 

pr,u = pr,n/su,n/ >  k ≥ 0 0 
 - 3
 '
 {Θn > k}
=
∑
k∈Sk,n
k!
k1! · · ·kn!
n∏
r=1
(pr,n)
kr αQkr
=
k∑
ℓ=0
∑
k∈Sℓ,u
∑
(ku+1,...,kn)∈Sk−ℓ,n−u
k!
k1! · · ·kn!
n∏
r=1
(pr,n)
kr αQkr
=
k∑
ℓ=0
(
k
ℓ
) ∑
k∈Sℓ,u
ℓ!
k1! · · ·ku!
u∏
r=1
(pr,n)
kr αQkr
×
∑
(ku+1,...,kn)∈Sk−ℓ,n−u
(k − ℓ)!
ku+1! · · ·kn!
n∏
r=u+1
(pr,n)
kr αQkr
=
k∑
ℓ=0
(
k
ℓ
)
sℓu,n(1 − su,n)
k−ℓ
∑
k∈Sℓ,u
ℓ!
k1! · · ·ku!
u∏
r=1
(pr,u)
kr αQkr
×
∑
(ku+1,...,kn)∈Sk−ℓ,n−u
(k − ℓ)!
ku+1! · · ·kn!
n∏
r=u+1
(
pr,n
1− su,n
)kr
αQkr
=
k∑
ℓ=0
(
k
ℓ
)
sℓu,n(1 − su,n)
k−ℓ
 {Θu > ℓ} {Θ
′
n−u > k − ℓ}
0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	  -/
  " pr,n = 1/n   r = 1, . . . , n    k ≥ 0  u
  1 ≤ u ≤ n− 1  
 {Θn > k} =
k∑
ℓ=0
(
k
ℓ
)(u
n
)ℓ (
1−
u
n
)k−ℓ
 {Θu > ℓ} {Θn−u > k − ℓ}
   m ≥ 1  
 {Θ2m > k} =
1
2k
k∑
ℓ=0
(
k
ℓ
)
 {Θ2m−1 > ℓ} {Θ2m−1 > k − ℓ}. A$%B
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.+ n = 2
m


u = 2m−1/
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